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INTRODUCTIONI
m In Di4E type instrumentation systems, the ranges from several distinct locations

to a common target are measured and recorded. If x(ti), y(ti), and z(ti) are

the cartesian components of tiie target position at time ti in some reference

coordinate system, and X., Yq Za, a=l, ii are the Cartesian components of the

m measurement sites in the same reference coordinate system, the range measure-

ments from each site to the target can be modelled as:

R (ti) = {(x(ti)-x )2 + (y(t.)-y )2 + (z(ti)-z )2} 1/2 + e (ti) ==I,M (1)

where e a(ti) is an error associated with the measurement of range from the ath

site to the target. The process of estimating tne Cartesian positions, x(ti),

I Y(ti), z(ti) from the measured ranges has often been termed multilateration.

The term, trilateration, is a more common term used to denote the process of

obtainino cartesian positions from three measured ranges. Several methods have

been proposed for multilateration, [I].

These methods include nonlinear least squares and if M > 4, a linear least

I squares method.

Tne nonlinear least squares method minimizes the sum of squareslM
I( R (ti)- /x(ti)xa)2 + (y(ti)-ya)2 + (z(ti)-za)2 )2 (2)

11 Ra 1 ,) 
(2)C 1 C

If H L 4, a linear least squares method can be applied to the multilateration

m problem. M-1 linear equations are obtained by differencing the squares of the

range measurements. Thus,

I R2 +(ti)-R 2 (t i) " 2x(ti)(x,-x,+l) + 2y(ti)(Ya-Ya+l) + 2z(ti)(z.-za+1 )

++ (yatya+l) + (Za-z )2 (3)



I

is linear in the Cartesian positions. Rearranging (3) results in the M-1

U linear equations.

dxa x(ti) + 1 + dz  z(ti ) w la(ti ) i-l, '-I (4)

where dx, dy , dz are the direction cosines of the vector between measuring

sites,

l dx -- x( X+ , y-Y Y+,d z -- z'+(5

dL a+ 1 xa+l d = L a
X cR'a+l ya R ,a+I z R a+l

3 and R a+ is the distance between measuring sites

R CLcI c = /4xQx(,+l)2 + (Ya-Ya+l)2 + (zcza+l)2  (C)

The right hand side of (4) is defined by

I (yia R 2l(ti) -R2(t i) -R 2
t 2( a , - cc+i + (xC dx  + ya dy + z. dz ) (7)

I The linear least squares method estimates x(ti), Y(ti), z(ti) by minimizing
1 a-

3 For applications where the measuring sites are all ground based and the altitude

of the vehicle being tracked is relatively low, both the linear and nonlinear

I least squares methods experience great difficulty in obtaining reliable solutions.

In the nonlinear least squares case this ill-conditioning sometimes results in

I the failure of the algorithm to converge or the convergence of the solution to

something other than a strong local minimum, These convergence problem exist

even under the most ideal conditions of no error in the measured ranges. This

l report describes a nonlinear least squares algorithm for multilateration which

will always converge to a strong local minimum. In the ideal case of no measure-

l ment error, this algorithm will converge to the true solution provided the

I2
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starting solution is within certain prescribed limits. The application of

this algorithm to the estimation of a vehicle trajectory from the measured

ranges of the General Dynamics RMM/t*ITTS system at MlacGreqor Rancae is described.

The limits on the starting solution are presented for the case of perfect

3 measurements and the effect of measurement errors on the vehicle position

error is presented for a wide variety of geometries.

LEAST SQUARES ALGORITHM FnR MULTILATERATION

3 The nonlinear least squares algorithm for multilateration must minimize

Mf(k) =1/2 (Rt-f CL(j) )2

where is the position vector with coordinates (x, y, z) in some reference

3 coordinate system. Ra is the range measured by the ath measurement site and
Sfa(x) = !(x-x) 2 + (y-y )2 + (Z-Z )2  (10)

I where (xa, ye, z a) are the coordinates of the measuring site in the reference

coordinate system.

Suppose f(i) is approximated in the neighborhood of i by a quadratic,

f(R)- f(R.) + FT(R )(R-R 0 ) + 1/2 (R-i 0 )'(11 )(-R0 0) (11)

where F(o! is the gradient vector of f(.), and H(-) is the Hessian matrix.

I Setting the derivative of f(.) in (11) to zero,

F(i) (R) + H(Ro)(i-Ro )uO (12)

solvine for x gives

SR =X+H (xo)F(o) (13)

provided H"  (.) exists. The resulting f(R) is

3 f(R) - f(Ro)-1/2FT (Ro0 )H((Ro)F(Ro) (14)

From O it is apparent that if H(i ) is positive definite, f(;)<f(io). This0 0
Kis the standard result for minimization by Newton iteration. If the Hessian

3
![4I
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of the function being minimized is positive definite, a sufficiently small step

in the Newton direction will always result in a decrease of the objective func-

tion. In terms of the measurement functions the gradient vector is

F(F) " L - F (Ra f i)) f

where F (i) is the gradient vector of f I()

*~~ ______ X-1
F F(R) (Xx x)+ (Y-y) + (z z 2  IY-YJ()
0'aC L DO

The Hessian matrix H(x) is given by

H(i) = I (Fi (x)FT(x)-H,(x)(Ra-fa())), (17)

I where
H (JR) -- I/ft (i) 1 3 + (1/f( ) (R))( iRa) T  MV )

If a Newton iteration is used to solve the multilateration problem, the Hessian

3 may often not be positive definite so that the objective function may increase

at some steps and the direction of the iteration may go astray. How then should

3we proceed at a point where the Hessian is not positive definite? Even if the

l Hessian is posltiv? definite so that the Newton direction is a descent direction,

the least squares Newton step may not result in a decrease of the sum of squares.

3 Thus, we have two problems to solve in applying the Newton method to the multi-

lateration problem:

(1) Replace the Hessian matrix with a matrix H(i) which is guaranteed positive

definite and a reasonable approximation to the Hessian.

(2) After obtaining an appropriate H matrix, choose a step length a in the Newton

3 direction which resultz in a decrease in the sum of squares.

*4
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THE GILL-MURRAY HESSIAI IODIFICATIONJ

In order to insure that the H matrix used in the Newton iteration is positive

definite, Gill and Murray [ZJ suggested a method for modification of the Hessian

based on an LDTT factorization of the Hessian. The followino is a summary of

the Gill-Murray modification.

If the Hessian If is positive definite, then

H =LDLT (n)

I where L is unit lower triangular and D is diagonal with Di>o. When in com-

puting the L-D factors of the Hessian we encounter a Di<o, modify H so that

m H + E (2 )

so that P will be positive definite and H = [5[T, 5 i>o. E is diagonal. The

i elements of E are chosen to satisfy three requirements;

(1) All elements of B112 are bounded above by a chosen value S;

(2) All elements of D are bounded below by a chosen value E, and;

3 (3) A = H when 1H is positive definite and sufficiently well conditioned. Thus,

we have to specify the parameters 5 and . is chosen to be

C - max {mjjHfl, mc) (21)

where r€ is near the smallest floating point number representable by the cor-

l puter being used and

HHHH { (22)

A choice of 6 which will satisfy the requirements is

9 2 - max {-r/ 3 , r2 , Pd, (23)

i mwhere

r2 " max{IHj }1, (24)

I jul ,3

and

* .5
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T I = max in ( 5

wi th

n. = max {fiHj}, (ku)

I k=j+l ,3

let

, =Hj Ljp Dp P227)

3 and

Ckj = Lkj Dj  (23)

Then define

3 tj = max{jckj I}  (29)

k>j

The elements of D are defined as
& if &max {h IjI, tj2/B 2)

0. = Ij if Jmjj> max {Ctj2 /8 2 }  (30)

tj2/82 if t.2/B2> max {tj~jI)

thus, the elements of E are

I &-;j it C> max {(j(,tj2/a2 }

E= tjg(.- j it Jbjj> max {,tj2/ 2 }  (31)

t.2/B2-i.j it t.2/l2 max { , bjl)

I Thus, we have the mechanism to specify a modified Newton direction which is a

descent direction. We must now specify the length of the step to take in this

3. direction.

CHOICE OF STEP LENGTH

Having determined the direction d,

I 6I
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H(Ro)d a F(xo) (:2)

along which we will move to obtain a decrease in tne sum of squares, we must

determine the leneth of the step a to take in this direction

xa x + d(:)

3 A value of a=l corresponds to takino the full least squares steo along d. We

employ the following strategy. Let the sum of squares f along the direction

m be parameterized by the scalar variable a. Thus, we denote

f() = f(Xo + ad) (34)

and the derivative f'(%) by

3 f'(ca) = FT( o + cd)d '35

Since d is a descent direction, f'(o) = FT(x );<o. If f(l)<f(o) and f'(1)<O,

we move the whole least squares step, awl, so that

xi -,0 + d

If f(l)<f(o) and f'(l)>o, we choose a in the interval [0,1] by cubic inter-

* polation. In this case

a . f (1) + a-b
wi - f'(1) - 'f'o) + 2a (37)

3 a - (b'-f'(l)f'(0)) I 2  (38)

b - 3(f(O)-f(l)) + f'(O) + f'(1) (39)

I This value for a minimizes f(a) on the interval [0,I] assuming that f() is a

cubic on this interval. If f(l)>f(O), we halve the interval considered and

I repeat the above strategy including the cubic interpolation on the interval

[0,1/2].

CONVERGENCE CRITERIA

3 The Newton iteration is considered to have converged when

7I
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o - C ( X0 +I c ), i: 1,2,3 - n e 0 3
for three consecutive iterations. The constants used are cl=l-and

It is possible that the iteration described above will converge to a point

o for which F(x )=O but !!(x ) is not positive definite. This situation is

1 detected u:hen J! E !I>c. Gill and Murray [Z] suggest that i- this situation

is encountered the iteration be continued in the following sequence. Solve,

TT y =e (1
where e. is a unit vector such that

4j Ej m in ;k-El, (4,2)

, 3

Then choose the direction for search as

Sd -sion(yTF(x0 ))y, if o<IIF(x 0 )11<

y , if l F(x )l1 =0

APPLICATI CJ TO THE R;S/1,'TTS SYSTE.

The current configuration of the General Dynamics R.iS/7TWTS syster located at

I . l acGreor Range consists of eight range measuring receivers. The geometry of

the receiver locations is given in the Fig 1. We will consider the convergence

I limits and position errors of the nonlinear least squares algorithm for target

3 x,y positions within the field specified by the limits displayed in Fia. I ar'

for target z values of z = 100, 200, 300, 500, 700, 1000, 1500, 2000, 3000, 5000

3 ft. The reference coordinate system for this description has the x, y plane tan-

gent to the 1866 Clarke spheroid at C-station with x is positive East, y is pos-

I itive North, and z is perpendicular to the x, y plane and positive upward. For

I purpose of evaluation we divide the field of Fig. 1 into cells by dividing both

the x and y limits into ten equal intervals. Thus, we will evaluate the conver-

gence limits and errors at 121 x, y grid points.

I

I I I_ _ _ _ _ _ __I_ _ _ _ _ _ _
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I
We first consider thle linits on the startine value of the z-coordinate of tarcet

Iposition. Suppose we have exact measurements of the ranoe fromr each of the einiht

5 ranae reasurino sites to the taroet. We obtain a startinc, solution Yes, Yot Z0

for the nonlinear least squares algorithr by assurring a z0close to the true z

I value and estinatinc xc,. Yos using the linear least souares aloorithr described
in the introduction with z = zc,. Thus, we are usinc the linear least squares

I method in two dimensions. At each grid point on the field the nonlinear least

squares algorithm, will converge to a strong local minlmu' and if z0 is close

enough to the true z value this strone local minimum will be the true value of

3 t-ne target position. The limits on the startina z value for the algorithm to

converne to the true target position when presented with exact range measure-

Srients are summarized in the following table. 6z u denotes the limit on how far

a~bove the true solution that zc, can be and 6Ldenotes how far below the true

solution that zo can be. The notation (a, b) in the table indicates that the3 Ilimit is somewhere between a and b and the notation >a indicates that the limit

is greater than a.

z (ft) 6ZL (ft) 6zu (ft)

100 (100,150) (> 200)- 200 (150,200) (250,300)
300 (200,250) (150,200)

5 500 (300,350) (150,200)
700 (200,250) (150,200)

1000 (0, 50) (200,250)

1500 (150,200) > 800
2000 (400,500) > 3000

3000 > 1000 > 3000

5000 > 3000 > 5000

1
I 10

I
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0. 0 0. 00 0. -r,7 2o Do Do 00 C Q0

0. 0. 0. 'r0* ;0. 
o~aI. Os 0 l

o.~ 0.-1S 0 z700~ =o350
00 0 q * 0. 0. Go 0. 0. Q no0

0. -.00.*-q48o .- o 08 . 0. Do _ 0. 00_o. _~ 0.

0. 0. of 0. Do Do a;& 00 0.Do0

0.00 o o o Do 00 D~o 00 0* aI o

0- -nfo -.- __ o _ ao _ G rig. _ __ -00 - - . .D

J Do Do 0. 0o 0. 041 0. 0. 0. *. 0

Do 0. D 00 -0 - -0. -0- 0. 0. Dono D

0. 0:. - 9.~ 00 o: 0. (p . 0 0. Oo 0

Do_ _ 0G 0 Do of 0. 0. is. 0. no 0.o
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5- z -700 z =400I .0 --- 4. Do 0.0- 0 0. 0 0.00o
0. o. -%sq. 0. 0. as 0. 0. 0* Do00 . -0* ' .D. 0.o D D 0 0 0~ 0 00
0. 0. 0. 0.e Ci- 0.0 Do _ 0. 0. Do 0.

0. 0. - . 0 .0 .Do 0. 0.- Do0 Do P&. f
Do 0. 0. 0. 0 0 Do 0. -0- 0. no 0O-Y 0. - 00 0. 0- 0. 0. Do a. Do 0. no 00
0. 00 0. 0. 0. 0. 0. 0. Do- n0

0. 0 0 0. Do 0. Do 0.f0 0. no 0.I 0o . D0. 00 0.__ _ . . __ 0. __ 0. Do o Go 0
D0Do Do 00 0 0 Do 0D o 0. no 0.0

00 Do -_6_ _ D Do- 0PO __ * 0.- Do 0 n. 00
Do Do 0. Go.D 0. 00 Do Do Do

0 .'D0. _ O o 0. 0. 0. Do no 00
Do _ 6 Be 00 Do 0.0.0C0 . no6 0.I D . 0. Do 0. 0o 0. Do Go Do nlo Go

Do0 . D o 0. _ Doo 0. Do0.C~ Do
0z 00 7n0 0 95In0 .Do o 0o 0. 0. Do o. 0o fl C

Do 0. n. 0. 0. Do 00- Do Do no Po-
Do. 0. 0. Do 0. Don Do O.f - 00 Q Do
Do Do 0 0. Do 000 Go 0 .0flo1 00

0:z 70.00 00 Do 500 Do350l
.0. 00 0.0 Do Do 0. flo 00 c

Q: 0: __ 0: _Go DO Do DO 0. 0. 00 no a D
Do 0G o 0. Do 0. 0.' Do no 0

0o 0..Dog D .D Do 0. n:o00
Do 0 o 0 0 Go Do 0. DnoI 0.

00 0. 0. 0 00 D o 0 0 n )ID o 09 C)0 0 G *D o0o e
0O0 . 0 .00.D 0. . Do no Do 0
0. 0 o_ Do Do 0. 00 0 0. Do-oDo 0.
0. 0.o0 Do 0 .0 0. Doo 00 no 0.

0 - 0_ 00 - -. Do __ _ D __._ .. __ 0-
0.0 .0 .Do 0o 0. . no 0

0. 0. _ o ___. __Of Do 0 . __ Do 00 n 0
c. 0. Go Do 0 0 0 .00 0. - ) 0 0

Go 0 __ _0.06 __o __a.D Do 0 0. n0.

_ 0 o 0 .a: 0: 0 :0 0 :n 0 : n o 0:
Do~~ Do- .D ) 0 .0



N. z =700 z =9505 ~x0

G. 0. *. 0. 0. 0. 0. 0. o. n. 0.
0. 0. 0.0. 0 o . 0 .0 . -0.

0 . _ _._ . o0 0. _-_ 0. o. 0. I. .
0. 0. O .0 O 0 O 0... 0. n 0. "

0. 0* n. 0. 0. 0. 0. D. O. n.e O.

0. 0 0 0.- 0. .- 0 , . . O. 0- 0. 0, -

0. O. 0. 0. 0. O. 0. o. 0. no o.

0. 0. 0. 0* 0. Oi - O0 .. .. ... 0. ". 0. . .no - noI0. . o 0. 0. 0. o. 0. 0. . 0.

Y 0. 0. 0. O O O Go 0. 0421. 0.

0. 0. no 0 Do 0. 0 o 0. 3 0 0 *

z 700 =o 1000
0.0 o o O, 0. 0. 0. 0. n. - no

O. 0. 0. 0. 0. 0. 0. .n. n. 0.

-. O. . '0 0. . O. 0. 0. no 0.
0. O. O: 0. 0. 0. 0. 0. 0. n 0.
0. O, O. 09 0. 0. 0* O. 0. n. 0.
0. o. 0. 0. 0. 0 0* 0. 0. no 0.
O. O-_ O, 0O. 0 . O, O n. 00

0. 0. O. O, O. 0. c. Do DO D.
0. 0 . o. 0. "0 0 O .o 2 " 1a 0.

I O- 0. ._ 0 . . o. . o,. ... . . _ .o, ... .o '01.I 0. 0. 00 _ 0 O _0 0 . 0. 3036 77.

z = 700 z= 1050
o. o. n. o. 0. o. 0. 0. LIO. . n.

0: 0:n: 000 n: 0. ne 0
0. 0. O* O. 0. 0. 5 . 0. O. no 0.
0* O * 00. 0 0. 192-. 0.

* 0.Do 0- 0.- 0* 0. 0.0 . , 0. n- 0.

Jo 0=70 =_O 11_00 n 0-- n *
0* 0& Do Do 00 00 00 0. 0. - 0-

Go 0- 0. ai c. a. - - 6 ___O --0_ . 0._

I * O0 0, 0. 00 O7 0* 0 n2o *

0. 0. ; - 0 _ - 0. 0.- - --- o 0. 5 . 0.o 0. e.O .. 0 . 0 0 . 0. 0. U. . . " . 0 .
0, 0 0 0 . _ . 0. O _, 0* 0.1n .

O. a. O-0 0. .. . . 0. .. . " -

.0. ~ ~ ~ 0* 07000 D o  Sig 00 *O0

0. 0. _ 0 0 0 0 0. Go0 _ _ 0. _ 0. _ no 0.
Do. - D 0 no 0. Do 00 0., .. ofO

0. 0 0. 0. 0. 0. 0. o. o. Q . 7.
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-00 _.-73 z 1000 .o600
0 _ 04 o0 73 0. 0. 0. 0. 0. no 0.

0 o 0. DO 0. '-390 .0.- 0D 0. 0. no 0.
0. 0. no 0. 0. 0. 0. 0. 0. no Of

0. 0. 0. 0. 0. 00 0. 00 0. 0 D
no 0

0. 0 __ _0. Do0._ 0. 0. 0. 0. 0. ( Q0
0. 0. 0. 00 0. 0. 0. ~00 Do, n

Do 0. . 0D0. 0 0. - 0 0. 7mo 0.
0.00 00 D 0. 00 0. 0. 0. foe 0e

0.u _____ 0 a7na 00
0. 0. 0. Do ___ 0. 0o 0. -55 -??A* -73.

_ __ __) 65 0

D. 0. Do Do.
- , *_ --- ____DO0.D0. 0

0. 0O 0. 0o 0. 0. 0. 0. 0o n. IQo
D. 0. 0. 0. 0. 0. 0. 0. 0o no Of

0. 0 0.-- 0. 0.G -0 0. 0. e _ 0 n ()a
0. %_ 0* 0o O0 __ 0. 00 .D 0. 0. n fo 0.

0. 0. Do 0. 0. D. 0. 0. 00 no Q
0. _ 0. 0. 0. 0. 0. 0o 0. 00 no_ 0.
0. . 0. Do 0. 0. 0. 0.o 7 0. 0o

0. 0. 00 00 Do D. 00 0. -535* -77A. -730

z 1000 *o7CO

0. 0. D. 0. 0. 0. 0. 0. 0. no 0.
Do _ .0. 00- 00 0. _ 0. D O 0. 0.-D n. 0.
a. 00 0. 0. 0. o0 0. 0. G. o 0 .0

0. 0. ___oD 0. 0. 0. 0. no 0.00> 0: n: 00 D: 8: 00 9 8:
0. 0 .6D o G 0 o no D

00 0. 00 0. 0 . 0. 0 . 0. r.n 0.

0.0 0 0.D 0. ,o 0. 0._- 0. 0.-D 00 060
0. 0. 0 0. 0 .0 00. 0. n. -0

0. 0_ 0: Do 0. . 0 3A7. . 0
0. . 0 . 0 0. 0.o DoS. 77Ro- -?3o

z 1000 .750

0. 0o .. 0. 0. 0. 0. V._ 0.D.0.
0. . 0. 0 0. 0. 0* 0. 0. ID 0.D

D. - 00-- D 0... 0. 0. -_ 0. 0. _0 0. no 0.

0. 0. 0 Do 0 . 0 0. 0. 0. no Do

Do 0_* 0 ... 0@. 0. _ Do _00*~ 0. 0. 0. 0.

00 0o D 0 0o 00 00 00 t DO o* of
00 D 0.-- 0.- 0. 0. 00 0. 00 _ 0. 00 0.0
0. 0. 0. 0* Do 0e 0. 0, 0o. n Do
0. _ 0 0. 0. 0. 0. 0. 0. 0. - no -Do

0. DO~0 o. 0.10 DO . -77R. - -73o
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__ __ __z_ _ z 1009 z Ell)

0 _ 0. _0. 0. 0. Do Do 0 0. 0. n
0009 DOf D . 0. nlo 0.* :__ 0o 0 00 0__ __ -0 - . -- 0. D0. 0. 0.- 0.D 0.- 0.0- - 0 D 0. -

0. Q._o _ o . o . 0 . fo 0E . o 0. 0. 0. 0. 0. Do 0. n 0.
0. 0. _ 0. ~00 0. 0. 0. 0. 0. 0.DD. 0. . 00- a. c.o --- D 00 0. no D
0.o _ 0. 0 0 0. 0.D 0. 0. 00 0as Q 0.
00 0. 6, o r 0- - 0.0D0 0 - o - no - -Dosy 0. 00 0. 00. 0. 0. 0. 0. -77A -73.

0: 0. D0 z =1339 =o C50- 9500.
00._0. D o0 0 . D o 0 . 0__ n o.

0.- o n 'Do. - _0o __ 0.

0. Do 0. 0.D.o 0. 0. 0.4 0. no 0
zo Do 130 10)-1200 0--- 0. o_ 0.- __ 0.,- *-Do 0. _ _ -* 0. - .0-. - 0.o0 0 00. 0 0 00. Of no 0Do... . 0. 00 0. D._ 0. o ____ o.

0. 0. D. 0. 0. 0. 0. 0. 9. Do Q
0. _ 0. 0. 0.', 00 __ _ . 0. 00 _ 0. Q _ -0.Do 0. Do 00 00 00 D. Of 0. no 0.

0. 0. 0.0. 0 .0. 0. -0.- - no 23
o. o.__ _ 0 0. . 0 . 0. 0. 0-.D o_ 0.

Do D o 0 0 0 o3 'D 1 -1300 0 n
0.0 0, 0. 0 0. 0. 0. 0. _00 0. 00 00( o 0. 0 0. 00. . 0. 0. 0. no0_0. o 0 a. _ . - -, '4 --0. -- - - ~.0.0. __ 0 0Q 0. 0. 0. 0. 0. 0. no 0.
0. .D0 0. 0. 0. 0. 0. 0. no. 0.
00 _ 0.. .0 00. 0. -D. n. 0 00. - 0 _0 0 _ 0. 0.o 0. 0. 0. 0. (1-* Q0. Do no 0. 0.' * Do--0 0.*D 0. 0. no Do
0. 0. 0. 00 0. 0. 00 0. . n04 no 0

z 00I 15 10
00 210 o Do 0 o Do 0
00 0 0o 0000 0D oD

00 Do Do 09 0 0 0 Of



1x z =1000 =o 133C

0. _o 0. 0 . _ 0 .D _. 0. 0. 0. n. 0.

00 -Do 0. 0 0.* Do $ 0. ~ 0 0 0:

0. 0. 0. D . 0. 0 oD

0I 0. - 0 00 0 0 : Of Do 0

Do - :-- n 0. 0. 0. 0.0 D -, 0. fl -n 0:
0 _ 0.0_D__ 0 Do 0 0. 0.

0. ID0 0 0: 0: 0.

D-- D - o---0 - D z= 0 . Do -- 1400- - no- r

y 0. 0 0. ci. 0 0. 0o. 0. n 0. l

1 0. 0. 0 0 0. 06 0. 00 0. 733 0.

00. D 0. Go 0. Do 0. 0. n. 0.

0: 0. 

D

of__ 0. 08 0. : 0. 0. 640. 733- 0

00- 0 0 ._ _0 0 . Do 0: 00 0:a no

0. O 0. 0. 00 0 0 4 Do I 3.0

0. . 0. . -S57. Do3 no 00I 0 0. 00 00 0. 0o 0 00I 0. no. 0

Do 0. 0. Do 0. Do 0.0 0. Do 00

Do 00. Do 0Be.0~-~ . 0 0. n. 00

0. Do Go 0o 0. 0. 0o 0. 0. no 0.

0- - 0 0. 0 0Do0 00 0. 0. no 0.

z = 1530 =o1100

ci. 0.o i 0. 0 .0. D 0- 7 as 3 Do.n 00

Do . 0 0 .' i 0. n. 0I0. 0.no Do 0. 0. 0o -5 .7 2:3 no 0

0. 0.o 0. 0. 0 0. 04 o. 0.D. 0

1 . 0. 0 Do 0 . 0. 0. Do 0.o o no 0.

00 Do 0. 0 o 00 O 0 .Do -* D

Do 0. 00 0. 0. 0.* 0o 0. no A 0

I Db0 n 00: 0 00 0 Do 00 o -57o -33. o 0
0.I- *, O

Do 0 00 0 00 Do o D* 0: 1*22
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I~ ~ z=1J z0 13
0. 0. 0o 0* D. . 0. 0. .f00

0. O. oi 0. 0. 0. 0. 0. 0n o. 0

. - 00. , . 0. 0. 0. 0. -557. -233. n. 0.

.0. 0 0 0 B e O. 0. 0. D. 0l c.

* 0 0. 09 D 0.00.0 Do 0. 0l 0.

* 0. ~00 0. 0. 0 0o 0.- Do 0. 0. Do

0.0o. 0. 0 0. 0. 0. l.

0. 0 c 00 0. 0. 0. 0. 0 0.

no3-, 0q-, D:0 : 0 0 0:00 C

0. Do0.o

Z = 50 z0  1250 -1350 0

0. 0. 0. 0. 0. 0. 0. 0. 0. 0

. 0. 0. - 0. - -. 0., - 0. 0- . 0.0l.0

0. 0. 00 0o 0. 0. 0. 0. 233. n. -0

n 0~0 *0. 00 Do n. 00

0. 0. 00 0. 0_ 0. 0. 0. 0. o (o

0. -0. 0. 0.' 00 0. 0 0. 0. CIO 0.

0. 0. 0. 00 0. 0. 0. 0. 0. no~0 0.

0._ 0-- .. - 0. 0 . 0. 0. 0 0

0. D o n o 0. .0 .0 0 . n. 0 *

I0. 0. 0. 0. 'Do Of. 0. 0.0 n i

0. Do -- no 0. -. 0. _ 0

0. 0. 0. Do 0.- .0 0. ci. Do n . 0i

0. 0. 0. - 00 0. -00 0.0 00 ci. 0. Be

0. 0. 00 06 0. 0. Do Oon.0

0. -- 0. 0~ 0. 0. 0 . 0. 0. no 0

0. 00 Do 0. 0. 0. ce 0. o0

00 9 3 00 =11.000C

0. o 0. 0. 0 0. 0. 0I8.1~'7-1' 79no

* 0 D0 0. 0. 0. 0. o:~~-5~ 1~ 0.

0Q . 0. 0. - 0 0-0 -703 no--ri -1l -

co0 0. 00 0. 0. 0. 00 noBB noS7 Do4

0. 00 0._o 0. Do- 0. 00 - -b o -- '4n o, -lit

0. 0. no 00 0. 0. .00 -17o -1533-91 n n

0. Do fl 0. 0 .a -. *i -160 -1557- . ci -1S3 -4 - 0

1 0. 0 0no 0. 0. -10. 014n. 0nc. -17?0.

00 0. o D no . o: Do-184 -7. -...... n -91~4o

D. 0. no 00 0. 0. 0. 0a - I7A. -4n , -7I0132

Do (& n 0 D 0 D oIAA 197
DonIo 0 0 D 0-R3 C
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bz = 2O00 zo z

O O. no. o 0. 0. 0. -1353. -991. n. no
- o - -- 7 9
U.- II. no-- _--n U._ _ U: I'o I 09 M~

0. . .n 0: O, 0 0 -1557. -12 3. -944o n
00 0. 30 00 0, Go Ono - 1 n3 . -I m T, .0-

0. 0. O. 0. 0. o 0. 0O 0.-177o. -914
0. 0. 0. 0. 00 o 0o CO 0. fl -1132o

0. . . 0. 0 n
0. 0. o. O 00 0. 0. O o. n 0

0. -0. . 0. 0. 0. 0. 0. 0. n. Do

0. 0. 0. o. 0. 0. o. 0. 0. n. 0.

I 00 O: O0 0. 0. 0. 0. . -no. O

0. 0. O. 0. 0. 0. 0. 0. 0. no 0.
0.. o 0: n- o n 0.

0. 0. n. 0. 0. 0. 0. 0. 0. no 0.
0. 0. A. 0.0 . 00 0. 0 . 0 0.

0. 0. 0. 0 0. 0. 0. 0 0. n. 0.

I -.-- :0 " .. . O. .. 0 0. .- O. ...... - 0 . "

0. 0. . 0: 0. 0. 0. no c.
DO ~~0 0: Cl 01 00 e3O 0 --- *0n

-0 & n 0 D o 0. 0. 0. no no

.. 0o no 0. 0 ". 00 no . -
O.. . 0. G0 00 00 n- 0-

0: D: 0: 0: 0: 0: __ 0l Do

0 . 0 . e0..000
0. 0. 0. 0. 0. 0. 0. . 0. ID. 0-

0 0 0. n. 0. 0. 0. C. 0. 0. 0. 0.

O. O, no O 0. 0_ D0 0. 0. 0. 0._
0. 0. 0. . 0 .. 0. . 0. n. 0.

0O. 0. n. 0. 00. 0. Do. non 0.
0. 0: 0- . . . 0. . . n. 0.

I
l
I
I
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I

The lirits on tre startirnr z solution given in the table are uased on tile con-

vergence at all 121 (x, y) grid points of the field. The limits on z for some

(x, y) grid points may be much greater than the limits in the table. More de-

tailed information on the convergence at each individual grid point is given in

the preceedinr tables. Each table entry gives the error between the converged

3 z solution and the true z solution. The heading for each table is the true z

solution and the startinn solution zo . The errors in the table which are non-

zero are due to the convergence of the algorithm to a local minimum which is not

the true z-value.

ESTII ATIO'N ERROR DUE TC TRUN'CATION

After correcting the measured MTTS ranges for lags and refraction, one of the

most important errors remaining in the data is the two meter truncation error.

I This truncation error may be magnified many times by geometric factors as will

be seen. This truncation error is a basic limitation of the MTTS instrumenta-

tion system. We evaluate the position error caused by the truncation at each of

the 121 (x, y) grid points previously selected for each of the z-coordinates,

z - 100, 200, 300, 500, 700, 1000, 1500, 2000, 3000, 5000 ft. The results are

presented in the following tables. For each altitude a pair of error tables is

given. The first error table is the error in the estimated z-coordinate for

each of the 121 grid points in the field. The second error table gives the error

J in the estimated ground range, i.e., the square root of the sum of squared errors

in the estimated x and y coordinates. The errors in both tables are given in

1feet. The z-coordinate estimation errors are summarized in Fic. 2 which plots

the z estimation error averzed over the 121 (x, y) grid points, the minimum

I estimation error for these grid points, and the maximum estimation error for

1 these grid points as a function of z. It is possible to improve tile estimation

errors due to the truncation by making a simple correction to the measured ranges.
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z = 1O 2r, truncation

-. -4. 4 -- S7- s. -36. -32- -. -t6. 77. -n.

7 .. '9. . 7 '. . 19~.1 7" .-. 6. S -7. 16. . 4. - .7

5 98. 1 g8., 2?A. 7?h. 371. . 99. ..ha. 57" 72" 9; .9

-24. -7. IA 1,3
•  362. ,72. 21. -19'. I19. 14 " 31.

-S1- . 7 7. __ 3 _ -%32 .17 203_.. .. A. 7- _3 - 3 . - .. . .. - 7' . 1 2 o 372 o 2 7 27 -1 I 9 . 77n. . .

7.4 5.3 3.3 1,6 3.2 2.8 4.8 3.4 2.5 3.0 4.3

3.2 5.5 3.3 6.2 3.4 4.5 2.3 4.4 4.8 3.2 4.0

1 37 34 55 7.7 3.5 3.3 4.5 3.1 3.6 3.0 6.0

A 2. 4.3 6.4 7.6 3.6 5.5 3.6 4.4 5.2 4.3 5.3

Y 4.2 .7 5.0 6.8 9.4 6.1 4.7 4.8 3.8 4.5 3.8

I 5.0 1.9 5.0 7.1 15.5 8.2 3.2 4.9 4.9 4.6 3.2
5.4 2.4 2.7 4.0 8.6 7.6 5.9 4.4 3.5 5.0 2.9

1 7.6 6.1 2.3 3.4 3.8 8.2 6.8 4.8 4.8 5.3 3.2

7,3 6.0 342 1.4 3.1 8.3 8.7 8.1 5.5 4.2 4.7

5.3 7.5 4.1 3.0 3.9 5.0 6.9 '6.7 7.0 2.8 3.8

1 5.0 5.0 5.4 4.9 1.7 5.2 2.3 4.5 4.5 4.8 2.5

I
I
I
I

I
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I
z 2 200 2m truncation

7'47 - -70, in- 7'. II %h 1. 40 '43. , . -A 01•. -77.
-446. in#. ICl. 13u. 93. S7. lPe -. I- -1.

'-9. 2t . -'4 , . -- ' .17. 7s J .-
2. . . b3.I 2 23 . q7T IIt% 6P 0 1 -2i. .

1; r,-. .. 7 . -' I ; 226, -- 302 " 772- 95- "( . 76 . ..... J . 7c; "

17o. -!. -3. -22. 1). 793. 3U7. 241. 2t;3. ,4. 74.
I ?1A. - -isq- -79a 32- ;73* 3__41% 36'-. '. 3A. 77.

" 7 ,, .9 , - ' , "9 ,, It . 1 39. " "267. 25' . . 1' .. S. -n ,

11.8 7.0 3.0 3.0 4.1 2.2 4.3 4.3 2.3 3.0 4.2

5.2 3.4 3.9 8.1 5.4 4.4 1.9 4.9 4.7 3.2 3.9
3.0 3.4 6.6 3.2 5.3 3.6 4.6. 3.2 3.6 3.0 5.0

2.6 4.3 6.4 7.1 5.5 6.1 4.1 4.6 5.3 4.3 5.4

6.2 .7 3.9 6.9 9.4 8.5 6.1 5.1 5.0 4.4 3.9

S5.7 .7 2.6 7.2 7.3 5.9 5.0 5.4 3.4 5.2 3.7

4.5 3.2 3.4 4.0 8.6 6.g 8.8 7.0 4.5 3.6 4.4

5.4 6.1 3.0 3.4 2.8 5.3 11.7 5.9 4.8 5.4 2.9

7.1 10.6 4.2 1.4 3.1 6.4 8.6 5.2 8.4 4.2 4.6

6.4 4.2 7.2 3.9 3.9 4.0 9.0 11.5 3.4 3.3 4.2

4.6 5.0 3.4 3.8 3.8 4,.3 5.4 6.2 5.6 5.8 2.8

I271
I
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z - 300 2m truncation

-173- 72- -17, S3- 1'2. 3 -IR. 30 l3

-12- 28- 174, * 57 1 J 0 2A 3fl. -21. -9.

-108 . 93. 3; . ',A6. --fs3 -. " * .A.

174. --97. -A9. 92. 164. 19'- 3S9 23.- 277. CA. IA.

3 .. Lo7____23. 

190__74

-I* -;S-3 -7- "s, _. 35 19 le13 28 . 73. 19" . 0 , '4l0

I i' "-A. -- 1 93o -127o 1. 17 3 . 268. 3n. lAno. I 14. A .

-37. -96. -126. -j187 -79. 73. 2'e. 36l I 1- 1 77. 1lI-

5S -se -79. -239- -6j. 89. 169- IbA. 1b. 4.4L.

I

9.2 4.3 5.3 2.5 4.2 3.4 4.1 4.3 4.2 3.1 3.9

5.7 4.3 2.1 5.9 6.3 5.4 2.7 5.1 3.8 3.3 3.9

4.0 4.9 3.9 5.7 6.6 4.1 5.3 2.4 3.8 3.3 5.0

1 7.8 4.1 2.6 7.1 5.5 3.1 4.8 5.9 5.8 3.7 4.1

y 6.7 .7. 1.5 6.9 4.1 6.9 7.5 7.3 5.5 6.4 4.4

3.6 2.6 .4 5.4 7.4 5.9 9.2 7.5 6.3 5.2 3.7

3.8 3.4 3.2 1.5 5.4 6.9 8.8 7.0 7.1 4.6 3.1

5.4 1.7 3.2 3.4 2.8 5.3 5.7 5.9 4.8 4,0 4.0

7.1 7.6 4.2 3.2 3.1 4.6 8.8 9.5 6.2 4.0 3.8

4.7 2.4 5.6 6.6 3.1 4.0 9.0 9.1 5.0 5.9" 3.9

5.7 4.0 3.1 8.8 3.8 3.8 5.4 6.2 8.1 5.0 3.4

1

2e

i
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Sz a 500 Zfn truncation

- . 2,. -2-. 10, 22Zo 121. 16. 62. 16. 3i. 27.
- V1A*.-'. - 25. 5p2. 91- e, _kle. -4t e 44.

I' _4 q 9be 141~. ij~e.- e5. I.. 7 . -- 27. 61.
I -" -61 0 -12.. -m. _ . ___e - ,e. 41. 7p. be. E.

- -14.. -1ie -1m. a -82. 4 Q 17!. e. 3 Ms. 2k. - 211. 1 Ze *
-. -3Z4 -16. -1 -12, e74. l61, 24. !S2. 33u. 122.

: -- 2' - ,--1 ,"-11, 99. 215. 3J1e. 2 5, lC2.

I e-. -ej -10c. -1. -20c. -121- 2. 12!. 27e. 129. S ,
4. -t;,* -1f2m* -154. -17.& 87. P.p, y ~2.

I
5.2 4.9 6.7 6.1 4.9 4.8 3.6 4.6 4.8 4.1 2.8

17.1 6.3 2.5 3.1 12.4 5.8 4.2 5.2 3.6 4.7 4.2

15.6 4.1 6.1 5.1 5.0 6.5 4.4 2.6 5.0 3.9 3.9
3.3 8.3 3.3 1.7 6.3 8.4 3.9 4.0 3.7 3.8 4.0

2.7 6.2 2.3 .6 5.5 6.4 3.8 7.5 8.6 3.5 5.6

4.1 3.0 2.8 1.8 4.4 6.1 10.5 9.7 5.8 6.6 5.4

3.9 2.2 1.3 .6 .9 4.4 7.4 8.4 13.8 6.8 9.0

3.7 5.7 3.7 2.1 2.3 5.6 5.2 9.1 11.7 10.0 5.8

2.4 3.3 11.2 5.4 6.4 3.8 3.7 7.5 9.5 7.2 3.7

1.8 5.7 7.0 3.8 4.8 4.2 3.7 5.4 7.9 4.7 5.6

3.6 3.1 5.4 4.4 7.2 5.2 4.7 5.9 2.9 3.9 4.8

1
1

1 29
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z = 700 2m truncation

!--I. 3 - 92,_ 20. - j72* -42. 7 , ----. J0 . .. 8 . 6-

- 6 , -197. -lJR, -9n. 2'4. 172. -16e '4n -77. 3A 17-i

_m 3. -_._.6 - 2 , 57,6 244 .1142- 123" . 9 .- 1;. " _ 
...

-22. -9 .- 12A. ie -be i7. II. -103. At. -1'. A-

2 R- _-100. - 2c -11jf0 -- Ii ,* ... .77- 960 27 1, 1 An .....6- _

All. -79. -A7. -7n* " -IS) A* B. 23n, 3P* ? " I

-A. -- 5 4 . -81 -. - 139.'j In A r,- IAn.

-36- -9. -c7. -107.- "o4. -,AI -127. -2 - A&. .i- A7.

S I e -0. --7-. - -3660 834. 73.- I' - 1.

4.3 3.0 2.9 3.9 4.9 9.1 2.9 4.4 4.5 5.1 4.5\4.0 4.7 8.2 3.0 4.1 8.3 5.4 5.1 2.9 3.3 3.5

4.2 4.6 10.4 7.0 3.1 5.0 5.8 5.0 1.3 4.0 4.0

4.3 5.4 6.2 1.5 2.3 4.8 7.0 5.9 4.3 3.8 3.6

+ 4. 5.2 5.0 2.3 1.8 5.2 7.3 9.2 5.4 4.5 4.7

y
3.5 2.7 .6 1.0 3.2 2.0 3.5 8.3 12.8 6.8 6.1

4.4 2. 5 2.9 1.7 3.4 1.4 3.6 9.6 3.9 10.3 7.3

1.9 4.2 4.5 2.2 3.6 3.5 4.1 7.8 5.4 9.0 8.8

7.5 4.7 4.5 6.5 6.7 6.3 4.3 1.7 7.6 9.7 9.4

3.5 4.7 5.6 6.0 5.6 8.4 5.7 3.6 3.1 7.6 3.7

5.0 6.4 4.7 6.7 5.8 2.9 12.6 5.7 4.7 6.0 2.3
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I Z ow00 2m truncation

I t. LZ , -q , - - , -98o 17* 7Bo 12440 1329

7b° -930 -13i. -2b8. -.- 122o 63. 0 5. -75. -71o 19.

- 139 -160.-1
7 9. - 0 . 51 0 -33- 78. 39.

.-o -- * - "174 -. o3 . -1-'4 4. * ,9. 22f, 192,. - i

-to1o -50 9 -b.. -oJ. -P0. -19. - f 229. 286. 284

S -7 .177 
2.-7_ 

0 
-

-9. -sc- "Zo -. -.9. -7 -232. "IV6. 22* 29. 23'1

b. 8. . 27 o -.173* ..... - 7. 73. 2AI80

.z , -ode -7. 79* -227o -4250 "'42. 6', 7io 27.y° S 6 0 37o._.9 o_ 
U 3

--- ''-"  -Z"7 ... "blo -q "-1 1 7 02 -q. -u

_ -i. - " . -19. -0 - - 73. -3q . -177o 121" -e

x

3.6 3.6 4.1 3.8 1.5 3.6 3.3 4.7 4.9 4.3 5.4

4.4 6.4 3.2 6.8 7.0 3.0 6.4 3.6 3.5 3.2 3.0
2.3 5.8 4.2 7.9 3.0 3.0 3.6 5.3 3.7 6.0 2.9

2.3 3.9 7.3 5.1 6.0 3.6 1.0 8.3 9.1 8.2 4.4

3.2 3.6 3.9 .8 6.6 1.1 3.4 3.4 9.9 10.1 11.9

3.9 4.2 3.3 3.5 .1 3.0 2.6 1.6 8.0 11.0 5.5

4.0 1.6 1.2 1.7 1.6 1.8 5.4 2.8 2.4 2.7 8.3

3.4 3.1 2.8 3.4 6.9 6.7 7.2 2.1 2.0 6.0 10.6

4.9 6.2 5,0 2.8 1.7 5.5 10.5 .6 2.7 2.3 8.4

5.6 3.8 4.2 4.2 3.7 4.2 5.6 7.2 2.0 2.5 4.1

2.7 6.0 2.2 4.6 4.9 7.1 4.1 8.6 4.5 8.7 3.9
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m z 1500 2m truncation

25. -L r, -'R. -3F. -4me ..3, 41o -276. 1 11. 1S7,

7, -o, -s', -. '. ;*- -63, -82. -5e. lees -17t, -el.
~ *.?. -7f. 1!4. -S6. -22. 19, 5.-17I 7-: .- .. -95 --,n-- -16. "'12* -7. -"4. 1. -'

, .- . - 5 . -s -5.P 90 - 405. -2 5v,. -2 t! 9 - 13 .t-,
i- 04 . 7, -51. -4q. -f, a e7. -42, -77. -22Z. -25q,

-eo -l . -2-. -- v. -- , -2 s -41, -14. -2b4. -271. -221.
-- r 18 -' ~.-.4. -166. -277. -ik -142.

0 -q* -25. -7 .. 7-. 100, - 142. -"3, -12i. -222.

x

5.0 4.9 5.0 4.8 2.5 4.2 4.3 5.5 3.2 5.7 10.1

5.2 4.4 1.5 3.2 2.2 2.3 1.9 1.8 9.4 3.4 2.4

1.0 3.7 3.5 2.6 2.7 4.3 2.1 4.0 5.0 4.8 2.9

4.3 2.8 2.9 4.4 4.8 4.1 1.5 1.0 .9 3.5 1.6

3.7 3.3 2.4 1.9 1.0 2.4 9.6 5.5 4.0 .8 3.5

y
2.7 2.4 .9 2.6 1.2 2.3 -.9 1.1 .6 2.4 1.7

1.4 1.9 .7 1.2 1.0 3.3 4.9 4.1 8.5 4.0 3.2

1.8 5.3 .9 .8 3.2 3.7 7.4 5.9 6.9 2.9 1.1

2.7 3.7 6.7 2.9 2.9 2.4 4.5 4.1 6.9 .7 7.4

3.7 5.6 5.5 3.3 4.3 4.0 2.7 5.9 2.1 4.5 6.5

5.2 3.9 5.2 2.8 5.4 3.6 4.8 3.2 4.4 3.0 3.8
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3 z - 2000 2m truncation

-7. -2* -6. -2- -145. -26 - -7 o9 -67, - i -11 -4 Ai

S-5. 32- -27. -48. -390 -36. -35. -2'. -As. 117-. -A.

2- -20. -32- -36 - -46 -38. -q' , -. -14. -A7. -7q1.

I -- 209- . -61 " -70 ... -79. -- 67o -77. -6p. -21A-

11- -9. -45. -5e , -so, -1 1 00 -127o -I1A- - 1 6. -161. -717.

-156 -23. -350 -3!s. -27. -9414. -108. -7n - I1. -A'. -174k

_ -10o -12. -2- -47. -64o -Sb, -147o -71. - 7C° -31 .

" 4 - ; - -m" 1 2 . -- ' 3 4 & . .-3 7 o .. .. 5 5 ° - - 1 - - 9 2 , - 1 3 7 - - i n 3 - - 7 Q °o - 9 9 0

I 25- -344, -214 . -1 U- -148& -88, -95. -9r . -77. - 1 47 -A I-

2 9 -. . 6 1 _ 3 _ _ _ .. .' ,3 2 '- - ' 3 9 , ---- 3 7 , ... " 4 S ° " 4 - " - 9; 9 . - 3 9 - -- 1 -.

3. 0. I -13- -4 -9- 32. -149 -17.° - 2. -2.

Ix

3 . 3 , S o 2 o 2 0 3 , 6 o AO . ,

o. 5, 3. 3o 2, 3o 3, 1 3. u. 42 _
14 So 3 - .. .3 ... 2 , 3 , , 3. 6*

'. 3. 2o 1. 3. 1. 2. I, 2. I.

4. 3.. 3. . 3- 5o . 3. M- A.

2- 1 2 3. 3.------j 4 2. 7. A- 3
5 . 5 , 1 . I t 3 o 2 - 3 , C - 2 o C o

2 , 3 . 4 , 2 9 3 9 3 o 2 , C. , 1- 0 -

y 1 - 3 9 3 6 4 -o "4 3 - 2 o 7 - 44 0- . 0

S " - 3- 5-7. af 39 3. 0 2. " --

z - 3000 2m truncation

-15. -7. -3. -A. -2C, -25. -5 - 40, 21. -4A

-7 -*- -28. -21- -15. -3. 13s -17. 1-. -23
-- ; 2 -5 -.. 20, 3 , -0 -3 0-.. -23, -3, ... - - .. . A A--

-'4. -16. -36e -21, -2'. -3* -21o -31o -C14. -31. -PR.
: S. ;23e ' - 31 o1 ..... -46. -[ 7* -,9
-7- "13" -18, -17- -14. -q7: -b. -SA -93- -37. -".

S- -13 - -- '40 -1.. -23. -'42. 71. -4 &s -19--9- -R

-17. -15. -21, -32. -31. -41- -14S. -27- -76* -3"o -13o

-2 2 - 9. 18. 2"6 - 2 C;..4..-?6..-. 9 . 31. -71-

-16. -10. -9. -23. -22. -40. -31 -29. -36 -41. -73.
2. -6. -2. "1. -5 -142. "1'4 -&mn -15 -7- -44.

J . 4. be 2. 1" 3@ C. 6. Q. ?-

So q. 3e I. 3. 2. 3. 7. So 7. -.

39 6. 7. 2o Cf 2o 2. I, 2. 1- '-

3. .2. *. 1 . 1. 3. 2. . 2. .

3 0 04 i , O * G o I 4 3 , 7 o S . o o°

3. 1 " 2. 0. 1. 2. 2. . I. . 2

I, 1. ', 2. 1. '4 '4 4. '4. o I

2 - e '3 . . 3- 2- 7o j. 70 '4.

~y '4. 2 _3. 6. 2. '4. 1. * A* 3o . 30
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3 z - 5000 2m truncation

18- -I. -6. -6. -7. I. 7. -I. -I . -

-24, -2e -710 -I- -17. -50 -9 -7 -p, -a -ia.
-5. --' 6o -200 -1r,, "5, --wI1, -23- -I , -INo -

-6. - I"I1e -13- -22- - 44- -2C- - 3 4, -34. 30 -. ' 4.

I -7. -16. -8. -,'4. -13. -- 26. -17. -. -,6. -744. - 7.k
-3. -9. -'4 -9o -8. -16e -"IS -3,4 -?". -. A -130
-8. "l,'I. -3;. -17. -17- -7. -- 31-'.."q" -p4. -27-.-"e.-

6 -7 -23. 20 9 -12. -28. -28. -21 -29, -32. -13.
"-: -: -6o -7. -160 -1'4 -IA. -If* -77* -so

3. 34 -be '12 - : -1** "|9- 5. "|10 - 3." -CO _/O

1. 4. q. 2. -q . 2. 3. . 2. ., .3e !* I, 0 3& 34 3- 3° q . , 1 N.
1, ° - I 29 2e 2e 3e 0 . -2. '- 3

s. 2, 2- 2, 1 61.. 3. a. .

3. s. 1. 0. 2. 3o 1. 7. 2. . .

-3. 3I e . 2. I. . 3. " . 2. . 2.
q. 2* ° 0, 14 0 20 4° 2. 7-

4S. - 3o ', 7- • 3- I 3& 2- 3.
Y 3. 30 ', 0 3., 1 2. 70 2. 7. '*

7, 2- N,. q "S. 2, 3 1 6. '4. 3.

3

ii 3
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z estimatin error - ft.
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z estirmation error - ft.
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If half of the truncation error is added to each of the neasured ranges, the

expected value of the measurement errors will be reduced to zero under reason-

able assumptions. We call this correction a granularity correction. The

granularity correction for the RP4S/)1TTS system is one meter. The z-coordinate

estimation error in the presence of a two meter truncation error and a one

meter granularity correction is summarized in fig. 3 where the average, minimum,

and maximum errors over the (x, y) grid points are plotted as a runction of z.

Comparison of figs. 2 and 3 show a significant improvement in the average estima-

tion error when the granularity correction is applied to the measured ranges.

f CONCLUSIONS AND FUTURE STUDIES

A globally convergent modified Newton method for multilateration has seen pre-

sented. This algorithm was applied to the evaluation of the RMS/MTTS measure-

ment system at NacGregor Range.

The preceeding tables and plots show some severe limitations to the use of the

RVS/M,1TS system at MacGregor Range. At low altitudes, even in the absence of

any range measurement errors, a good nominal value of the z-coordinate of the

trajectory must be available in order that the trajectory solution converge to

the true z-solution. The PITTS range measurements have a to meter resolution.

The effect of this two meter resolution on the M:TTS Cartesian position solution

was evaluated for a variety of z-coordinates and ground positions. The results

of this evaluation show that the error in the ground plane position estimates

caused by the truncation error to be acceptably small for all alti. udes. How-

ever, at low altitudes the error in estimated z-coordinate is often unaccept-

ably large, even when a perfect nominal z-value was used to start the solution.

It was demonstrated how a correction could be applied to the range measurements

to reduce the average error in the z-coordinate caused by the truncation error.
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At higher altitudes, say above 3000 ft., the error in the estimate of the z-

m
component of position is of a more acceptable magnitude and the modified lewton

algorithm converges to the true z-solution in the absence of measurement error

from a wide range of starting z-values.

The tables presented above support the conclusion that the error in the esti-

mated ground plane position is acceptable at any z-value. Thus, the MTTS sys-

ltem offers a highly desirable measurinn system for estimating the trajectory of
Iground targets, especially if a terrain map table look up is used to obtain the

z-position from the estimated x, y position estimates. The conclusion that the

;14TTS is attractive for estimating trajectories for oround targets has been sup-

ported by comparing MTTS estimated position with positions of mround targets

obtained from the ALTS laser tracker.

It has been suaonested that the use of one or more airborne A-station receivers

enhances the estimated z-component of position, especially at low altitudes.

lUe have found this conclusion to be correct when using the nodified Newton

algorithm. The enhancement of the position estimates from the R,"S/ITTS at

MacGregor Range provided by using airborne A-stations is the subject of a forth-

coming report.

It is also reasonable to suggest that the position estimate errors miht be

reduced by using a position estimation algorithm which in a sense averages over
I

several x, y coordinates while estimating a constant z-position. Although the

J computation time using such an algorithm would be significantly greater, this

increase might be justified by the reduced estimation errors. The use of such

an algorithm will be investigated.
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